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$\rho>0$ $A$ \rho $\mathcal{K}\supset \mathcal{H}$ $\mathcal{K}$
$U$
$A^{n}=\rho PU^{n}|_{\mathcal{H}}$ $(n=1,2, \cdots)$
$P$ $\mathcal{K}$ $\mathcal{H}$ ([7]
) \rho
Theorem A. (B. $S_{Z.}$ Nagy and C. $Foia\sigma ls\mathit{1}$ ) $A\in B(\mathcal{H}),$ $\rho>0$
(i) $A$ \rho





$\rho-$ $w_{\rho}(A)= \inf\{\gamma>0|\gamma^{-1}\mathrm{A}\in C_{\rho}\}$ ( $\mathrm{J}.\mathrm{A}.\mathrm{R}.\mathrm{H}\mathrm{o}\mathrm{l}\mathrm{b}\mathrm{r}\mathrm{o}\mathrm{o}\mathrm{k}[4]$
) $w_{\rho}.(\cdot)$ $0<\rho\leq 2$ $2<p<\infty$
$w_{\rho}(A+B) \leq\frac{\rho}{2}\{w(\rho A)+w-\rho(B)\}$
$p$- (T. $\mathrm{A}\mathrm{n}\mathrm{d}_{0}[1]$ )
(1) $w_{1}(A)=||A||$ : the operatoer norm
(2) $w_{2}(\mathrm{A})=w(A)$ : the numerical radius
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(5) $1\leq\sigma\leq P$ $w_{\rho}(A)\leq w_{\sigma}(A)$
(6) $1\leq\sigma\leq P$ $\sigma w_{\sigma}(A)\leq pw_{\rho}(A)$
(7) $w_{\rho}(UAU^{*})=w_{\rho}(A)$ (unitary $U$ )
$?/)|\rho(\cdot)$ Schwarz norm analytic function $f$ : $\overline{\mathrm{D}}arrow\overline{\mathbb{D}}(D:=\{Z^{-}\in$
$\mathbb{C}||z|<1\},$ $f(\mathrm{O})=0$
(8) $w_{\rho}(A)\leq 1\Rightarrow w_{\rho}(f(A))\leq 1$
$S\geq 0$ C.-K Li, N.-K Tsing and F.Uhlig [5]
- $Vs(A)$
(9) $V_{S}(A)=\{(Ax, x)|x\in \mathcal{H}, |(Sx, x)|=1\}$
$Vs(A)$ $vs(A)$
(10) $v_{S}(A)= \sup\{|(Ax, X)||.x\in \mathcal{H}, |(s_{X,X})|=1\}$
$S=I$ $V_{I}(A)=W(A):=\{(Ax, x)|||x||=1\}$ ( $A$ )
$v_{I}(A)=w(A)$
$A$ $S.=|A|:=(A^{*}A)^{1/2}\text{ }vs(A)\leq 1$






$A$ p $A$ $S$. $\geq 0$ $vs(A)$
$\mathrm{w}_{\lambda}(A),$ $\mathrm{W}^{+}\mu(A),$ $\mathrm{w}_{\mu}-(A)$
$w_{\rho}(A)$ $|(Ax, x)|,$ $||Ax||,$ $||x||$ $-$
2. $p>0$ $A$ p
69
1 $\rho>0,$ $P\neq 1$ $0<t\leq 1$
(11) $S_{t}= \frac{1}{t}\frac{\rho}{2|p-1|}I+t\frac{p-2}{2|p-1|}|A|^{2}$
$A$ \rho $S_{t}\geq 0$
$us_{t}(A)\leq 1$ $0<t\leq 1$
$\rho>0$ $A\in C_{\rho}$
$||x||^{2}+(1- \frac{2}{p})|\zeta|^{2}||AX||^{2}-2(1-\frac{1}{\rho})Re\zeta(AX, x)\geq 0$
$\zeta\in D,$ $x\in \mathcal{H}$
$| \zeta||(Ax, X)|\leq\frac{\rho}{2|\rho-1|}||x||^{2}+\frac{p-2}{\sim 0_{|\rho-1|}}|\zeta|2||Ax||^{2}$
2 $\rho>0,$ $\rho\neq 1$ $A$ p
$0<t\leq 1$ $A=s_{t}^{1/2}B_{t}s_{t}1/2$ $B_{t}$ $u$) $(B_{t})\leq 1$
( $S_{t}$ (11) )
$0<p\leq 2,$ $p\neq 1$
3 $0<p\leq 2,$ $p\neq 1$ $A$ p-
$A=S^{1/}2Bs^{1/2}$ $S=(\rho I+(p-\underline{9})|A4|^{2})/2|\rho-1|$
$B$ $w(B)\leq 1$
$A\in C_{\rho}$ 1 $0<\rho\leq 2$ $S_{t}(0\leq t\leq 1)$ $t=1$
$S$ $1<\rho\leq 2$ $y(\neq 0)\in \mathcal{H}$
$Sy=0$ $|A|^{2}y=_{Py}/(2-\rho)$ (6) $\rho w_{\rho}(A)\geq||A||$
$1 \geq w_{\rho}(A)\geq\frac{||A||}{p}\geq\frac{1}{\sqrt{p(2-p)}}$
$\rho=1$ $\mathrm{k}\mathrm{e}\mathrm{r}S=\{0\}$ $0<p<1$ $pw_{\rho}(\mathrm{A})=$





$|(s^{-1}/2As-1/2x, x)|\leq(x, x)$ $(x\in \mathcal{H})$
$B=s-1/2As^{-}1/2$
$A=S^{1/2}Bs1/2,$ $w(B)\leq 1$
4 $\rho>0,$ $\rho\neq 1$ $t\geq w_{\rho}(A)$
(12) $|(Ax, x)| \leq t\frac{\rho}{2|p-1|}||x||^{2}+\frac{1}{t}\frac{\rho-2}{2|\rho-1|}||A_{X}||^{2}(x$. $\in \mathcal{H})$
$t_{0}$ t\geq t (12) $t_{0}\geq w_{\rho}(A)$
5
(1) $0\leq\mu\leq 1,1\leq p=2/(f^{i}+1)\leq 2$ $A$ p-
$\mathrm{w}_{l^{\mathrm{A}}}^{+}(A)\leq 1$





$\mu=(2-\rho)/p,$ $\lambda=2|p-1|/p$ $1<\rho\leq 2$
$\mu+\lambda=1$ , $0<p<1$ $\mu-\lambda=1$
$\mu||A||^{2}+\lambda w(A)\leq 1$ ( $\mu+\lambda=1(0\leq\mu\leq 1)$ \mu $-\lambda=1(1\leq\mu<\infty)$ )
$\rho=2/(\mu+1)$ $w_{\rho}(A)\leq 1$ 5
6 $0<\rho\leq 2$ $w_{\rho}(A)\leq 1$ $w(\mu|A|^{2}+$
$\lambda^{i\theta}A)\leq 1(0<\theta\leq 2\pi)$ $\mu+\lambda=1,$ $\mu=\frac{2}{/},$ $-1$ $\mu^{-\lambda}=1,$ $\mu=\frac{2}{\rho}-1$
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7 $0\leq\lambda\leq 1$
(1) $\frac{1}{2}\leq\lambda\leq 1,$ $p=arrow\eta\lambda/(2\lambda-1)\geq 2$ $A$ p-
$\mathrm{w}_{\lambda}(tA)\leq\sim\perp(0<t\leq 1)$
(2) $0 \leq\lambda\leq\frac{1}{2},1\leq p=2(\lambda-1)/(2\lambda-1)\geq 2$ $A$ $A^{-1}$ P
$\mathrm{w}_{\lambda}(tA)\leq 1(t\geq 1)$
1
8 $0<\rho,$ $P\neq 1$
(13) $w_{\rho}(A)= \frac{|\rho-1|}{p}\sup\{|(A_{X}, X)|+\sqrt{D}|||x||=1, D\geq 0\}$
$D=|(Ax, X)|2- \frac{\rho(\rho-2)}{(\rho-1)^{2}}||AX||^{2}$
,
4 $t\geq w_{\rho}(A)$ $\lambda||x||^{2}t2-|(Ax, x)|t+(1-\lambda)||AX||2\geq 0(x\in \mathcal{H})$






$x\in \mathcal{H}$ 4 $w_{\rho}(A)\leq t_{0}$





$|(A_{X_{0}}, x.0)| \leq t\lambda||x0||^{2}+\frac{1}{t}(1-\lambda)||A_{X}0||^{2}$
72




$x\in \mathcal{H}$ $p..>2$ $w_{\rho}(A)$ =t
9 $0<p\leq 2$
$\max\{2|1-\frac{1}{\rho}|w(A),$ $\sqrt{\frac{2-p}{p}}||A||\}\leq w_{\rho}(A)\leq 2|1-\frac{1}{\rho}|w(A)+\sqrt{\frac{2-p}{\rho}}||A||$
$0<\rho\leq 2$ pw\rho (A) $=(2-p)w_{2-\rho}(A)$
$1\leq\rho\leq 2$ 8
$1<\rho\leq 2$











(1) $0<p\leq 2$ $||x||=1$ $x\in \mathcal{H}$ $g(t, X)=\sqrt{p(2-p)}||Ax||\sqrt{t(1-t)}+$
$|p-1|\cdot|(Ax, X)|t$
2 $( \frac{d}{dt}g(t, x))\sqrt{t(1-t)}$
$=\sqrt{p(2-\rho)}||Ax||(1-2t)+2|p-1|\cdot|(Ax, X)|\sqrt{t(1-l)}$
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(2) $f(t, x)=-\sqrt{\rho(\rho-2)}||Ax||\sqrt{t(t-1)}+(p-1)|(Ax, x)|t$ (1)
10 R.Mathias and K. $\mathrm{O}\mathrm{k}\iota \mathrm{l}\mathrm{b}\mathrm{o}[6]$
11 $0<\rho\leq 2$ $w_{\rho}(A)= \frac{2}{\rho}w(C_{\rho}\otimes A)$
$C_{\rho}=[_{0}^{0}$ $\sqrt{\rho(2-\rho)}1-\rho]$ ..
REFERENCES
1. T.Ando, $p$ -dilation and $p$ -radius (Japanese), Sugaku 28 (1976), 107-120.
2. T.Ando and K.Nishio, Convexity properties of operator radii associated with unitary p-dilations,
Michigan Math. J. 20 (1973), 303–307.
3. T.Ando and K.Takahashi, On operators with unitary $p$ -dilalions, Ann. Pol. $\mathrm{M}\mathrm{a}\mathrm{l}1_{1}.66$ (1997),
11-14.
4. $\mathrm{J}.\mathrm{A}$.R.Holbrook, On the power-bounded operators of $Sz$ .-Nagy and Foiag, Acta Sci. Math.
(Szeged) 29 (1968), 299-310.
5. C.K.Li, $\mathrm{N}.\mathrm{K}$ .Tsing and F.Uhling, Numerical ranges of operator on an indefinite inner product
space, Electronic J.Lin Alg. 1 (1996), 1-17.
6. Mathias and K.Okubo, The induced norm of the Schur multiplication operator with respect
to the operator radius, Linear and Multilinear Algebra 37 (1994), 114-124.
7. B.Sz.-Nagy and C. $\mathrm{F}\mathrm{o}\mathrm{i}\mathrm{a}_{\mathrm{S}}$, On certain classes of power bounded operators in Hilbert space, Acta
Sci. Math. 27 (1966), 17-25.
8. B.Sz.-Nagy and C.Foia\S , Harmonic Analysis of Operators on Hilbert Space, North-Holland,
Amsterdam, 1970.
74
